The Invariance of the Scalar Decay Law

We consider a turbulent mixing device with two or
many-inlets. The geometries of the inlets need not be the
same and the flow rates through the inlets need not be
the same. We take some arbitrary fraction of the inlets
and add tracer at a uniform composition C, to the streams
entering through these inlets, labeled 1 inlets. The root-
mean-square concentration fluctuation in the mixer is now
measured at all points giving the scalar decay law.

I = \/ C’2 =1 (Position) (1)

C is the tracer composition at any time and position and
C’ is the corresponding fluctuation about the mean at that
position.

The question to be considered is what is the value of T
if the tracer is added not to the 1 inlets, but to the re-
maining fraction of the inlets, labeled 2 inlets.

ANALYSIS

When the tracer is added to the 1 inlets call it species
A and when added to the 2 inlets call it species B. Then
the instantaneous concentration fields are described by
the normal convective diffusion law for dilute systems.

G(Ca) = £(Cp) =0 (2)
where £ is the operator

G= (£—+g-v-@v2) (3)

V is the instantaneous velocity, and D is the molecular
diffusion coeficient of tracer in the solvent. The operator
£ is the same in both cases since the velocity and diffusiv-
ity are the same. The boundary conditions on all solid
boundaries are

9Cs  9Cs

an an

=0 (3a)

where n is the derivative normal to the boundary.
At the 1 inlets

Ca=Cy (3b)
Cp=0 (3¢)

At the 2 inlets
CB = CBo (36)

The above boundary conditions assume impervious walls
and no back diffusion into the inlets, hardly restrictive as-
sumptions.

We now define

Ci—Ca
oA Al 4
Caz—Cuy fa (4)
Cs—Cp
T ————— 5
Coa—Cmi (5)

where subscript 1 refers to the concentration in inlets 1
and 2 to the concentration in inlets 2. It now follows
from Equations (4) and (2), and (5) and (2) that

L(fa) = L(fs) =0 (6)
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From Equations (4) and (5)
At the 1 inlets
fa=fe=20 (7)
fa=fs=1 (8)
And from Equation (3a)
At the solid boundaries

At the 2 inlets

S s _ (9)
an - dn
Thus Equations (6), (7), (8), and (9) show that
fa=1fs (10)

everywhere since the equations and boundary conditions
are identical. From Equations (10) and (3b) to (3¢) we
obtain

(11)

And this holds instantaneously at every position and time
irrespective of the velocity field or geometry (assuming
that the velocity fields are the same in both cases). Time
averaging yields the equation

(12)

which holds at every point. Defining the concentration
fluctuation as usual, we get

(Ca+Cs) 1 __(EB + Cg’)
Cao Cg,

and equating Equations (12) and (13) and combining,
we get

(13)

C
Ta=—-22Ty (14)
Bo
So if the tracer concentrations used in the 1 and 2 inlets
are the same
Iy=Tg=T (15)

and the decay law is the same whether we add the tracer
to the 1 inlets or the 2 inlets.

If now there is a third set of inlets which contains no
tracer in either case so that at the 3 inlets C4 = Cz = 0
always, then the above results cannot hold, since in order
for the boundary conditions on f, to equal those on fp it
is necessary that at the 3 inlets

Ca _  Cp
CAg —_ CAI CA2 - cAl

an impossible condition. Hence the decay law will depend
upon which set of inlets contains the tracer.

The results of this note also have implications concern-
ing the problem of chemical reactions with mixing which
will be considered later.
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